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Abstract
As a converse of the arithmetic and geometric mean inequality, Specht gave the ratio of the
arithmetic one by the geometric one in 1960. We can reap the rich harvest of the Specht ratio
in operator theory. In this paper, we shall present other characterizations of the chaotic order
and the usual one associated with Kantorovich type inequalities via the Specht ratio. Among
others, as an application of the grand Furuta inequality, we show that if A and B are positive
operators and k  A  1
k
for some k  1, then A  B is equivalent to
Sk(2(p − 1)s)
2
s Ap  Bp holds for all p  1, s  1 such that p − 1  1
s
,
where the Specht ratio Sk(r) is defined for each r > 0 as
Sk(r) = (k
r − 1)k rkr−1
re log k
(k > 0, k /= 1) and S1(r) = 1.
© 2003 Elsevier Inc. All rights reserved.
AMS classification: Primary 47A30; 47A63
Keywords: Kantorovich inequality; Specht ratio; Furuta inequality; Grand Furuta inequality; Löwner–
Heinz theorem; Chaotic order
∗ Corresponding author.
E-mail addresses: fujii@cc.osaka-kyoiku.ac.jp (J.I. Fujii), yukis@cc.osaka-kyoiku.ac.jp (Y. Seo),
m-tommy@sweet.ocn.ne.jp (M. Tominaga).
0024-3795/$ - see front matter  2003 Elsevier Inc. All rights reserved.
doi:10.1016/j.laa.2003.07.008
70 J.I. Fujii et al. / Linear Algebra and its Applications 377 (2004) 69–81
1. Introduction
In what follows, a capital letter means a bounded linear operator on a complex Hil-
bert space H . An operator A is said to be positive (in symbol: A  0) if (Ax, x)  0
for all x ∈ H . The Löwner–Heinz theorem asserts that A  B  0 ensures Ap  Bp
for all 1  p  0. However A  B does not always ensure Ap  Bp for p > 1
in general. Related to this, Furuta [7] established the following ingenious operator
inequality.
Theorem F (Furuta inequality). If A  B  0, then for each r  0
(i) (B
r
2 ApB
r
2 )
1
q  (B r2 BpB r2 )
1
q and
(ii) (A
r
2 ApA
r
2 )
1
q  (A r2 BpAr2 )
1
q hold for p  0 and q  1 with (1 + r)q  p + r .
Alternative proofs of Theorem F have been given in [2,13], and one-page proof
in [8]. The domain drawn for p, q and r in Fig. 1 is the best possible one [16] for
Theorem F.
Moreover, Furuta himself [9] gave a simultaneous extension of the Furuta inequal-
ity and the Ando–Hiai inequality [1], which is called the grand Furuta inequality.
Theorem G (Grand Furuta inequality). If A  B  0 and A is invertible, then for
each t ∈ [0, 1],{
A
r
2 (A−
t
2 ApA−
t
2 )sA
r
2
} 1
q 
{
A
r
2 (A−
t
2 BpA−
t
2 )sA
r
2
} 1
q
holds for any s  0, p  0, q  1 and r  t with (s − 1)(p − 1)  0 and (1 − t +
r)q  (p − t)s + r .
Fig. 1. The range of Furuta inequality.
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We refer to [3] for an alternative proof of Theorem G, [11] for one-page proof,
[17] for the best possibility of Theorem G and [6,21] for two very simple proofs of
the best possibility of Theorem G.
On the other hand, the celebrated Kantorovich inequality asserts that if A is a pos-
itive operator on a Hilbert space H satisfying M  A  m > 0, where M > m > 0,
then (A−1x, x)(Ax, x)  (M+m)24Mm holds for every unit vector x in H . The constant
(M+m)2
4Mm is called the Kantorovich constant. As an application of the Kantorovich
inequality, Fujii, Izumino, Nakamoto and one of the authors [5] showed that t2 is
order preserving in the following sense:
A  B  0 and M  A  m > 0 imply (M + m)
2
4Mm
A2  B2.
Related to this, Furuta [10] showed the following Kantorovich type operator
inequality.
Theorem A. Let A and B be positive operators on a Hilbert space H satisfying
M  A  m > 0. If A  B > 0, then(
M
m
)p−1
Ap  K+(m,M,p)Ap  Bp for all p  1,
where the Ky Fan–Furuta constant K+(m,M,p) [10,14] is defined as
K+(m,M,p) = (p − 1)
p−1
pp
(Mp − mp)p
(M − m)(mMp − Mmp)p−1 . (1)
For positive invertible operators A and B on a Hilbert space H , the order de-
fined by log A  log B is called the chaotic order. Since log t is an operator mono-
tone function, the chaotic order is weaker than the usual one A  B. Yamazaki and
Yanagida [22] showed the following Kantorovich type operator inequalities of the
chaotic order which is parallel to Theorem A.
Theorem B. Let A and B be positive invertible operators on a Hilbert space H
satisfying M  A  m > 0. If log A  log B, then(
M
m
)p
Ap  K+(m,M,p + 1)Ap  Bp for all p  0.
In fact, log A  log B does not always ensure A  B in general. However, by
Theorem B, it follows that
log A  log B and M  A  m > 0 imply (M + m)
2
4Mm
A  B.
Also, Specht [15] estimated the upper bound of the arithmetic mean by the geo-
metric one for positive numbers: For x1, . . . , xn ∈ [m,M] with M  m > 0,
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Sh(1) n
√
x1 · · · xn  x1 + · · · + xn
n
 n√x1 · · · xn,
where h = M
m
(1) is a generalized condition number in the sense of Turing [19]
and the (generalized) Specht ratio Sk(r) is defined for r > 0 as
Sk(r) = (k
r − 1)k rkr−1
re log k
(k > 0, k /= 1) and S1(r) = 1. (2)
Yamazaki and Yanagida [22] investigated analytic properties of the Specht ratio via
Ky Fan–Furuta constant [10,14] and thereby showed a more precise characterization
of the chaotic order.
Theorem C. Let A and B be positive invertible operators on a Hilbert space H
satisfying M  A  m > 0. Then log A  log B is equivalent to
Sh(p)A
p  Bp for all p > 0,
where h = M
m
 1.
Comparing Theorem A with Theorem B, we observe the difference between p
and p − 1 in the power of the constant. Hence one might expect that the following
result holds under the usual order as a parallel result to Theorem C: Let A and B be
positive invertible operators satisfying M  A  m > 0. Then
A  B implies Sh(p − 1)Ap  Bp for all p  2, where h = M
m
 1.
However, a counterexample to this conjecture is shown in [4].
In this paper, we shall present other characterizations of the chaotic order and the
usual one associated with Kantorovich type inequalities in terms of the Specht ratio.
As an application of the grand Furuta inequality, we show that if A and B are positive
operators satisfying k  A  1
k
for some k  1, then A  B > 0 is equivalent to
Sk(2(p − 1)s) 2s Ap  Bp for all p  1 and s  1 such that p − 1  1
s
.
2. Main results
First of all, we present other characterizations of the chaotic order associated with
Kantorovich type inequalities via the Specht ratio.
Theorem 1. Let A and B be positive invertible operators on a Hilbert space H
satisfying k  A  1
k
for some k  1. Then the following are mutually equivalent:
(i) log A  log B.
(ii) Sk((p + t)s + r)qA(p+t)s  (A t2 BpA t2 )s holds for p  0, t  0, s  0,
r  0, q  1 with (t + r)q  (p + t)s + r .
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(iii) Sk(2(p + t)s − 2t)2A(p+t)s  (A t2 BpA t2 )s holds for p  0, t  0, s  0 with
(p + t)s  2t .
(iv) Sk(2ps)
2
s Ap  Bp holds for p  0 and s  1, where Sk(r) is defined as (2).
By virtue of the grand Furuta inequality, we show other characterizations of the
usual order associated with Kantorovich type inequalities via the Specht ratio.
Theorem 2. Let A and B be positive invertible operators on a Hilbert space H
satisfying k  A  1
k
for some k  1. Then the following are mutually equivalent:
(i) A  B.
(ii) Sk((p − t)s + r)qA(p−t)s  (A− t2 BpA− t2 )s holds for p  1, t ∈ [0, 1],
s  1, q  1 such that (1 − t + r)q  (p − t)s + r and r  t .
(iii) Sk(2(p − t)s − 2(1 − t))2A(p−t)s  (A− t2 BpA− t2 )s holds for p  1, t ∈ [0, 1],
s  1 such that (p − t)s  2 − t .
(iv) Sk(2(p − 1)s) 2s Ap  Bp holds for p  1, s  1 such that p  1s + 1.
(v) k4(p−1)Ap  Bp holds for p  1, where Sk(r) is defined as (2).
Let A and B be positive invertible operators on a Hilbert space H . We consider
an order Aδ  Bδ for δ ∈ (0, 1] which interpolates the usual order A  B and the
chaotic one log A  log B continuously, where the case of δ = 0 means the chaotic
order. The following theorem is easily obtained by Theorem 2.
Corollary 3. Let A and B be positive invertible operators on a Hilbert space H
satisfying k  A  1
k
for some k  1. If Aδ  Bδ for δ ∈ (0, 1], then
Sk(2(p − δ)s) 2s Ap  Bp
holds for p  δ, s  1 such that p  ( 1
s
+ 1)δ, where Sk(r) is defined as (2).
Remark 4. Corollary 3 interpolates (iv) of Theorem 1 and (iv) of Theorem 2 by
means of the Specht ratio. Let A and B be positive invertible operators on a Hilbert
space H satisfying k  A  1
k
for some k  1. Then the following assertions holds:
(i) A  B implies Sk(2(p − 1)s) 2s Ap  Bp for all p  1s + 1 and s  1.
(ii) Aδ  Bδ implies Sk(2(p − δ)s) 2s Ap  Bp for all p  δ, s  1 such that p 
( 1
s
+ 1)δ.
(iii) log A  log B implies Sk(2ps) 2s Ap  Bp for all p  0 and s  1.
It follows that the Specht ratio of (ii) interpolates the scalar of (i) and (iii) contin-
uously. In fact, if we put δ = 1 in (ii), then we have (i). Also, if we put δ → 0 in (ii),
then we have (iii).
74 J.I. Fujii et al. / Linear Algebra and its Applications 377 (2004) 69–81
Moreover, Corollary 3 interpolates the following result which is parallel to Theo-
rems A and B by means of the Specht ratio:
(i) A  B implies k4(p−1)Ap  Bp for all p  1.
(ii) Aδ  Bδ implies Sk(2(p − δ)s) 2s Ap  Bp for all p  δ, s  1 such that p 
( 1
s
+ 1)δ.
(iii) log A  log B implies k4pAp  Bp for all p  0.
The Specht ratio of (ii) interpolates the scalar of (i) and (iii). In fact, if we put
δ = 1 and s → ∞ in (ii), then we have (i). Also, if we put δ → 0 and s → ∞ in (ii),
then we have (iii).
3. Proof of results
To prove our results, we collect several properties of the Specht ratio (see [18,22]).
Lemma 5
(i) Sk(r) = Skr (1) for k > 0 and r > 0.
(ii) k → Sk(1) is increasing for k > 1 and decreasing for 1 > k > 0.
(iii) Sk(1) = Sk−1(1) for k > 0.
(iv) For k > 1, Sk(r)1/r → 1 as r → 0.
(v) For k > 1, Sk(r)1/r → k as r → ∞.
Proof. (i)–(iv) is shown in [18,22]. Since
k
r
kr−1
1
r → k0 = 1 and
(
kr − 1
er log k
) 1
r → k as r → ∞,
it follows that Sk(r)1/r → k as r → ∞, so that we have (v). 
The following lemma is a complementary result to the Hölder–McCarthy inequal-
ity via the Specht ratio.
Lemma 6. Let A be a positive operator on a Hilbert space H satisfying k  A  1
kfor some k  1. Then the following inequalities hold for every unit vector x ∈ H :
(i) Sk(1)(Apx, x)  (Ax, x)p ( (Apx, x)) for all 0 < p < 1,
(ii) Sk(p)p(Ax, x)p  (Apx, x) ( (Ax, x)p) for all p  1.
Proof. The following reverse inequality of Young’s one is shown in [18]: For a
given a > 0,
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Sa(1)ap  pa + (1 − p)
holds for all 1 > p > 0. If k  a  1
k
> 0, then it follows from (ii) and (iii) of Lem-
ma 5 that Sk(1) = Sk−1(1)  Sa(1). Therefore we have
Sk(1)Ap  pA + (1 − p)I for all 1 > p > 0. (3)
By (3) and Young’s inequality, it follows that
Sk(1)(Apx, x)  p(Ax, x) + (1 − p)  (Ax, x)p
holds for every unit vector x ∈ H . Next, suppose the case of p  1. Replacing p by
1/p and A by Ap in (i), then kp  Ap  k−p and we have
Skp (1)((Ap)1/px, x)  (Apx, x)1/p.
Taking the p th power on both sides, we have
Sk(p)
p(Ax, x)p  (Apx, x). 
The following Kantorovich type operator inequality is our key lemma in this
paper.
Lemma 7. Let A and B be positive operators on a Hilbert space H satisfying either
(i) k  A  1
k
or (ii) k  B  1
k
for some k  1. Then
A  B implies Sk(p)pAp  Bp for all p  1,
where Sk(p) is defined as (2).
Proof. Suppose (ii). Then we have
Sk(p)
p(Apx, x) Sk(p)p(Ax, x)p
by Hölder–McCarthy inequality and p  1
 Sk(p)p(Bx, x)p by A  B
 (Bpx, x) by Lemma 6 and k  B  1
k
.
Next, suppose (i). Since B−1  A−1 and k  A−1  1
k
, then it follows from
above discussion that Sk(p)pB−p  A−p. Hence we have Sk(p)pAp  Bp. 
To prove Theorem 1, we need the following result [4, Proposition 7].
Theorem D. Let A and B be positive invertible operators on a Hilbert space H . If
log A  log B, then
A
(p+t)s+r
q 
{
A
r
2 (A
t
2 BpA
t
2 )sA
r
2
} 1
q
holds for p, t, s, r  0 and q  1 with (t + r)q  (p + t)s + r .
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Proof of Theorem 1. (i) ⇒ (ii): By Theorem D, (i) ensures
A
(p+t)s+r
q 
{
A
r
2 (A
t
2 BpA
t
2 )sA
r
2
} 1
q (4)
holds for p, t, s, r  0 and q  1 with
(t + r)q  (p + t)s + r. (5)
Put A1 = A
(p+t)s+r
q and B1 = {Ar2 (A t2 BpA t2 )sA r2 }
1
q , then A1  B1 by (4) and k 
A  1
k
> 0 assures k
(p+t)s+r
q  A1  k−
(p+t)s+r
q
. By applying Lemma 7 to A1 and
B1, we have
S
k
(p+t)s+r
q
(q)qA
q
1 = Sk((p + t)s + r)qAq1  Bq1 .
Multiplying A− r2 on both sides, we have (ii).
(ii) ⇒ (iii): Put r = (p + t)s − 2t  0 and q = 2 in (ii). Then the condition (5)
is satisfied and (p + t)s  2t , so we have (iii).
(iii) ⇒ (iv): If we put t = 0 in (iii), then we have (iv) by the Löwner–Heinz
theorem.
(iv) ⇒ (i): If we put s = 1 and take logarithm of both sides of (iv), we have
log
(
Sk2(p)A
p
)
 log Bp for all p > 0
and hence
log Sk2(p)1/p + log A  log B for all p > 0.
Then letting p → +0, we have log A  log B by (iv) of Lemma 5. 
Proof of Theorem 2. (i) ⇒ (ii): By the grand Furuta inequality, (i) ensures
A
(p−t)s+r
q 
{
A
r
2 (A−
t
2 BpA−
t
2 )sA
r
2
} 1
q (6)
holds for p  1, t ∈ [0, 1], s  1, q  1 and the following conditions (7) and (8):
r  t, (7)
(1 − t + r)q  (p − t)s + r. (8)
Put A1 = A
(p−t)s+r
q and B1 = {Ar2 (A− t2 BpA− t2 )sA r2 }
1
q , then A1  B1 by (6) and
k  A  1
k
> 0 assures k
(p−t)s+r
q  A1  k−
(p−t)s+r
q
. By applying Lemma 7 to A1
and B1, we have
S
k
(p−t)s+r
q
(q)qA
q
1 = Sk((p − t)s + r)qAq1  Bq1 .
Multiplying A− r2 on both sides, we have (ii).
(ii) ⇒ (iii): Put r = (p − t)s − 2(1 − t) and q = 2 in (ii), then the condition (8)
is satisfied and the condition (7) is equivalent to (p − t)s  2 − t , so that we have
(iii).
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(iii) ⇒ (iv): Put t = 1 in (iii), then by taking the 1
s
-power of both sides, we have
(iv).
(iv) ⇒ (v): It follows from Lemma 5 that
Sk(2(p − 1)s) 2s =
(
Sk2(p−1) (s)
1
s
)2 → k4(p−1) as s → ∞,
so that we have (v).
(v) ⇒ (i): We have only to put p = 1 in (v). 
Finally we show Corollary 3, which follows from Theorem 2.
Proof of Corollary 3. Put A1 = Aδ and B1 = Bδ , then A1  B1 > 0 and kδ 
A1  1kδ . By applying (iv) of Theorem 2 to A1 and B1, it follows that
Skδ (2(p1 − 1)s)
2
s A
p1
1  B
p1
1
holds for p1  1, s  1 such that p1  1s + 1. Put p1 = pδ  1s + 1, then we have
Sk(2(p − δ)s) 2s Ap  Bp
holds for p  δ, s  1 such that p  ( 1
s
+ 1)δ. 
Remark 8. Let A and B be positive invertible operators such that k  A  1
k
for
some k  1. By using Uchiyama’s method [12,20], (iv) of Theorem 1 can be derived
from (iv) of Theorem 2 directly. In fact, the hypothesis log A  log B ensures An =
I + 1
n
log A  I + 1
n
log B = Bn > 0 and Mn = 1 + 1n log k  I + 1n log A  1 +
1
n
log 1
k
= mn for sufficiently large natural number n. Applying the proof of Lemma
6 and (iv) of Theorem 2, we have
max
{
SMn(2(p − 1)s)
2
s , S
m−1n (2(p − 1)s)
2
s
}
A
p
n  Bpn
for p, s  1 with p  1 + 1
s
.
By substituting np to p, we have
max
{
SMn(2(np − 1)s)
2
s , S
m−1n (2(np − 1)s)
2
s
}
A
np
n  Bnpn
for np, s  1 with np  1 + 1
s
.
Since
lim
n→∞
(
I + 1
n
log X
)n
= X for any X > 0,
by tending n → ∞, we obtain
Sk(2ps)
2
s Ap  Bp for s  1, p  0.
Therefore, we have (iv) of Theorem 1.
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4. Concluding remarks
In this paper, we place an emphasis on the coherence of characterizations of the
chaotic order and the usual one via the Specht ratio, though our estimates via the
Specht ratio are not better than the ones in Theorems A and C. We observe a connec-
tion between their constants just to make sure. First of all, we start with the following
lemma.
Lemma 9. Let h  1. Then
F(s) = Sh(s) 1s =
(
(hs − 1)h shs−1
es log h
) 1
s
is an increasing function for s  1.
Proof. Since
(log F)′(s) = F
′(s)
F (s)
= 1
s2
(
− log(hs − 1) − s
hs − 1 log h + log s + log(log h)
+ h
s
hs − 1 log h
s + (h
s − 1) − shs log h
(hs − 1)2 log h
s
)
,
if we put x = hs (>1), then we have
(log F)′(s) = 1
s2
(
− log(x − 1) − log x
x − 1 + log(log x) +
x log x
x − 1
+ (x − 1) − x log x
(x − 1)2 log x
)
= 1
s2
(
log
(
log x
x − 1
)
+ x log x
x − 1 − x
(
log x
x − 1
)2)
.
Klein’s inequality 1 − 1/x  log x  x − 1 and x = hs > 1 imply
1  log x
x − 1 
1 − 1/x
x − 1 =
1
x
.
Then, since L(t) = log t1−t is negative and increasing for t > 0, we have
s2(log F)′(s) = log
(
log x
x − 1
)
+ x log x
x − 1
(
1 − log x
x − 1
)
=
(
1 − log x
x − 1
)(
L
(
log x
x − 1
)
+ x log x
x − 1
)
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
(
1 − log x
x − 1
)(
L
(
1
x
)
+ x log x
x − 1
)
=
(
1 − log x
x − 1
)(
−x log x
x − 1 +
x log x
x − 1
)
= 0.
Thus we have (log F)′(s)  0. By F(s)  0, F itself is increasing for s  1. 
Let A and B be positive invertible operators on H satisfying k  A  1
k
for
some k  1. We have the following two characterizations of the chaotic order via
the Specht ratio:
(i) log A  log B ⇐⇒ Sk2(p)Ap  Bp for all p > 0.
(ii) log A  log B ⇐⇒ Sk2(ps)
2
s Ap  Bp for all p > 0.
We have the following relation between the constants (i) and (ii).
Proposition 10. For a given p > 0, the constant Sk2(ps)2/s is not smaller than the
constant Sk2(p) for all s  1:
Sk2(ps)
2/s  Sk2(p) for all s  1.
Proof. By Lemma 5(i), we have Sk2(p) = Sk2p (1) and Sk2(ps)2/s = Sk2p (s)2/s .
If we put s = 1, then it obviously follows that Sk2p (1)2  Sk2p (1). Therefore by
Lemma 9 we have
Sk2(ps)
2/s = Sk2p (s)2/s  Sk2p (1)2  Sk2p (1) = Sk2(p). 
Next, Let A and B be positive operators on H satisfying k  A  1
k
for some
k  1. We have the following two characterizations of the usual order via the Specht
ratio and the Kantorovich constant:
(iii) A  B ⇐⇒ K+( 1k , k, p)Ap  Bp for all p  1.
(iv) A  B ⇐⇒ Sk2((p − 1)s)
2
s Ap  Bp for all p, s  1 such that p  1 + 1
s
.
Here, we investigate a relation between the constants (iii) and (iv) in the case of
p = 2. If we put s = 1, then it follows that
Sk(2)2  K+
(
1
k
, k, 2
)
.
In fact, since an inequality x  e log x for x > 0 implies
h
h+1
2(h−1)  e log h
h+1
2(h−1)
where h = k2, it follows that
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(h − 1)h 1h−1
e log h
 h + 1
2
√
h
or equivalently(
(h − 1)h 1h−1
e log h
)2
 (h + 1)
2
4h
.
Therefore, it follows from Lemma 9 that the constant Sk(2)2 is not smaller than
the constant K( 1
k
, k, 2) for all s  1:
Sk2(s)
2
s  Sk2(1)2  K+
(
1
k
, k, 2
)
for all s  1.
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